One-dimensional quasiperiodic systems, such as the Harper model and the Fibonacci quasicrystal, have long been the focus of extensive theoretical and experimental research. Recently, the Harper model was found to be topologically nontrivial. Here, we derive a general model that embodies a continuous deformation between these seemingly unrelated models. We show that this deformation does not close any bulk gaps, and thus prove that these models are in fact topologically equivalent. Remarkably, they are equivalent regardless of whether the quasiperiodicity appears as an on-site or hopping modulation. This proves that these different models share the same boundary phenomena and explains past measurements. We generalize this equivalence to any Fibonacci-like quasicrystal, i.e. a cut and project in any irrational angle.
Recent experimental developments in photonic crystals [1, 2] and ultracold atoms [3] [4] [5] have made the study of the dynamics of particles in one-dimensional (1D) quasiperiodic systems experimentally accessible. These fascinating systems have long been the focus of extensive research. They have been studied mainly in the context of their transport and localization properties, showing a variety of interesting transitions between metallic, localized, and critical phases [6] [7] [8] [9] . With their recently found nontrivial connection to topological phases of matter [10] there is a growing interest in their boundary phenomena [11, 12] .
The behavior of particles in such systems is described by 1D tight-binding models with quasiperiodic modulations. There is an abundance of quasiperiodic modulations, among which the canonical types are the Harper model (also known as the Aubry-André model) [6, 13] and the Fibonacci quasicrystal (QC) [14] . The quasiperiodicity of the Harper model enters in the form of a cosine modulation incommensurate with lattice spacing, whereas the Fibonacci QC has two discrete values that appear interchangeably according to the Fibonacci sequence. Moreover, the quasiperiodicity may appear in on-site terms (diagonal), in hopping terms (off diagonal), or in both (generalized). Each of these models describes different physical phenomena. Indeed, the Harper and the Fibonacci modulations have different localization phase diagrams, depending also on their appearance as diagonal or off-diagonal terms (see e.g., Refs. [7] [8] [9] 15] ). Notably, several attempts were made to gather these models under some general framework [9, 16, 17] , but with only partial success.
These 1D quasiperiodic models play a nontrivial role in the rapidly growing field of topological phases of matter [10] [11] [12] . This new paradigm classifies gapped systems such as band insulators and superconductors [18, 19] . Each gap in these systems is attributed an index that characterizes topological properties of the wave functions in the bands below this gap. By definition, two gapped systems belong to the same topological phase if they can be deformed continuously from one into the other without closing the energy gap. Conversely, while deforming a system with a given topological index to a system with another index the bands invert and the bulk gap closes, i.e. a quantum phase transition occurs.
The spectra of the aforementioned 1D quasiperiodic models are gapped and, hence, appropriate for topological classification. Apparently, in the absence of any symmetry all 1D systems are topologically trivial [20] ; namely, all their topological indices are zero, and therefore the hopping terms in such systems can be continuously turned-off (the atomic limit). Conversely, under the same conditions 2D systems have nontrivial topological phases, which are characterized by an integer indexthe Chern number. If a Hamiltonian of a 1D system depends on a periodic parameter, then this parameter can be considered as an additional dimension. Taking into account all the possible values of this parameter, the system becomes effectively 2D, and may have a nontrivial Chern number [21] . This is seen during the evaluation of the Chern number, which requires integration of the Berry curvature over this parameter. It was shown in Ref. [10] that for QCs, a translation of the quasiperiodic modulation may be considered as such a parameter. Remarkably, for QCs the Berry curvature is invariant to this translation, making the integration over it redundant. Therefore, it was concluded that 1D quasiperiodic systems can be associated with Chern numbers, making the 1D QCs topologically classified.
Here we use this approach to prove that all the aforementioned 1D models are topologically equivalent whenever they have the same modulation frequency. Hence, there is no quantum phase transition when deforming between these different models. To prove this equivalence, we extend each one of the 1D models to an "ancestor" 2D model. We find that all the resulting models are variants of the 2D integer quantum Hall effect on a lattice. These 2D models are topologically equivalent and nontrivial. Therefore, their corresponding 1D descendants are also topologically equivalent and nontrivial. Remarkably, the equivalence holds between any Fibonacci-like quasicrystal and a Harper model with a corresponding modulation frequency.
One-dimensional tight-binding Hamiltonians with nearest-neighbor hopping and an on-site potential can be written in the general form
where c n is the single-particle annihilation operator at site n, t is some real hopping amplitude, V od is some hopping modulation (off-diagonal term) and V d is an on-site potential (diagonal term). The real and positive parameters λ od and λ d control the strength of the off-diagonal and diagonal modulations, respectively. The quasiperiodicity of the different models is encoded in the potential modulations, V od and V d . Using this general form, we first show the topological equivalence between all the Harper models, since their relation to the quantum Hall effect is evident. Then we turn to encompass also the Fibonacci QCs.
Let us begin with the Harper models, which are governed by the modulation V H n (k) = cos(2πbn + k). This modulation is parametrized by the frequency b and phase k. Whenever b is irrational, the modulation is incommensurate with the lattice and describes a QC. In this case, k resembles a translation of the quasiperiodic modulation. Since k does not affect bulk properties, it was usually ignored in previous analyses. However, as we shall soon observe, it plays a crucial role in unraveling the topological behavior of quasiperiodic models [10] .
The diagonal Harper model [13] is defined by setting
(1). The corresponding Hamiltonian describes uniform hopping and a modulated on-site potential. For any given k, this Hamiltonian can be viewed as the kth Fourier component of some ancestor 2D Hamiltonian. From this viewpoint, k is a second degree of freedom, hence we define the operator c n,k that obeys the commutation relation
, where in H(k) we replace the operators c n with c n,k . Note that, in the following, H (H) denotes 1D (2D) Hamiltonians. Defining the Fourier transform c n,k = m e −ikm c n,m , we obtain the 2D ancestor Hamiltonian of the diagonal Harper model
This Hamiltonian describes electrons hopping on a 2D rectangular lattice in the presence of a uniform perpendicular magnetic field with b flux quantum per unit cell [13, 22, 23] , as illustrated in Fig. 1 magnetic field breaks this symmetry, the notion of the magnetic translation group was introduced [24] . The magnetic translation group is generated by the operators Tm and Tn, where Tmc n,m T −1 m = c n,m+1 and Tnc n,m T −1 n = e −i2πbm c n+1,m . These operators commute with the Hamiltonian but not with each other. However, for a rational flux, b = p/q, the operator T qn = (Tn) q commutes with Tm. Therefore it is possible to diagonalize simultaneously H H d , T qn , and Tm. The spectrum in this case is composed of q bands [23] . In a seminal paper by Thouless et al. [25] , it was shown that each gap in the spectrum of this model is associated with a quantized and nontrivial Chern number (Hall conductance). Later on, it was shown by Dana et al. [26] that the nontriviality of the Chern numbers stems from the symmetry of this model with respect to the magnetic translation group. Choosing consistent boundary conditions [26] , the Chern number ν r that is associated with a gap number r = 1, . . . , (q − 1) abides the Diophantine equation r = ν r q + t r p, where ν r and t r are integers, and 0 < |ν r | < q/2 [25] .
(a). Note that, in H
An irrational b can be approached by taking an appropriate rational limit with p, q → ∞. In this limit the spectrum becomes fractal [23] . Nevertheless, even for an arbitrarily large q, the system abides the aforementioned Diophantine equation, and the gaps remain associated with nontrivial Chern numbers. Formally, the evaluation of the Chern numbers requires integration of the Berry curvature over k [25] . Hence, the quantized Chern numbers characterize only the 2D ancestor model, rather than its 1D descendant model. However, as shown in Ref. [10] , for a QC, i.e., for an irrational b, the Berry curvature is independent of k and there is no need for such an integra-tion. Therefore, the 1D models can be associated with the same quantized topological indices.
This simple model demonstrates that the method to extract the topological indices of a 1D QC is to extend it to 2D using the above procedure and find the magnetic translation group of the ancestor Hamiltonian. This yields a Diophantine equation and, thus, the Chern number of each gap.
Having performed this method for the diagonal Harper model, we turn, now, to the off-diagonal Harper model. In this model the hopping is modulated and the on-site potential vanishes. It is defined by setting λ od = 0, λ d = 0, and
This Hamiltonian describes electrons hopping on a rectangular lattice with nearest-neighbors hopping only in the n direction, and also next-nearest-neighbors hopping.
Here too a perpendicular magnetic field is present with b flux quanta per unit cell and per plaquette, as illustrated in Fig. 1(b) . The corresponding magnetic translation group is the same as in the diagonal case. Hence, this model abides the same Diophantine equation, which characterizes its gaps. Therefore, for a given b, the 2D ancestor Hamiltonians of the diagonal and off-diagonal After showing the topological equivalence between the Harper models, we now address the Fibonacci QC. This QC is governed by the modulation V We can overcome this barrier by constructing a modulation that continuously deforms the Fibonacci into a Harper modulation. Consider the function f (x) = 2( x + a − x ) − 1, where 0 < a < 1. The function h(x) = cos(2πx + aπ) − cos(aπ) has the same sign as f (x) for any x. Therefore g(x; β) = tanh[βh(x)]/ tanh[β] is a continuation between the smooth h(x) = g(x; β → 0) and the steplike f (x) = g(x; β → ∞).
Accordingly, we define the smooth modulation
It can be seen that, in the limit of small β, this smooth modulation becomes the Harper modulation, up to a constant shift, V S n (k; β → 0) = V H n (k) − cos πb. In the opposite limit, it approaches the Fibonacci modulation, V S n (k = 3πb; β → ∞) = V F n for b = 1/τ , as depicted in Fig. 2(a) . Similar to the generalized Harper model, we now define a generalized smooth model
where b = 1/τ . This model is a continuous deformation between the generalized Harper model and a generalized Fibonacci QC, with β being the deformation parameter. Now we are able to construct a corresponding 2D model that includes also the Fibonacci QC. Recall that, in the diagonal Harper model, the modulation of cos(2πbn + k) resulted in hopping one site in the m direction, accompanied with a phase factor of e ±i2πbn [see Eq. (2)]. One can think, however, of a more general modulation F [cos(2πbn + k)], where F is some analytic function. In such cases, F can be expanded as a Taylor series in powers of cos(2πbn + k). In turn, the series can be rewritten as a series in powers of e ±i(2πbn+k) . The lth component of this series will appear in the 2D ancestor model as a term of hopping l sites in the m direction. The amplitude of this hopping term would be F l e i2πbnl , where F l is the Fourier transform of F [cos(k)]. Similarly, an offdiagonal modulation will result in terms that incorporate hopping to the nearest-neighbor in the n direction with longer-range hopping in the m direction. Therefore, the 2D ancestor Hamiltonian of H S (k; β) is
where z j (β) = 1 + (w j − iα) 2 − (w j − iα) with w j = (j + 1/2)π/β and α = cos(πb). The physical meaning of v S l is better understood by looking at the limits of large β and small β. In the Harper limit of
where
We can see that, in this limit, the hopping in the m direction decays exponentially with the distance l. In the extreme limit of β = 0, only the terms with l = 0, ±1 survive and H S becomes the 2D ancestor of the generalized Harper model (up to a constant shift of the energy). In the opposite limit of β 1, i.e., the Fibonacci limit [28],
Now the hopping in the m direction is no longer local, but decays as 1/l. Regardless of the exact value of β, H S describes electrons hopping on a rectangular lattice. Moreover, since the amplitudes of the hopping in the m directions are accompanied by the phases e ±i2πbnl , in this model also a magnetic field is present with b flux quanta per unit cell. Remarkably, despite the varying hopping behavior, the magnetic translation group remains the same for all values of β. Therefore, the Diophantine equation is also the same for all β. Consequently, while varying β from zero to infinity the gap structure and its corresponding nontrivial Chern numbers are unchanged. Since β turns the Harper model into the Fibonacci QC, it implies that they are topologically equivalent. Note that this is true also for any value of λ od /λ d . The real and positive parameters, β and λ od /λ d , span the space of models that contain the diagonal and offdiagonal, Harper and Fibonacci models, as illustrated in Fig. 2(b) . We can therefore conclude that all the 1D models H S in this space are topologically equivalent and nontrivial. Moreover, the same holds true for any irrational b. Here, taking β to infinity results in a Fibonaccilike QC with τ = 1/b as the modulation frequency of V F . Note that any Fibonacci-like QC can be obtained via the cut-and-project method [29] , by taking τ = 1 + 1/ cot θ with θ the angle of the projection line. This means that any Fibonacci-like QC with a given τ is topologically equivalent to a Harper model with b = 1/τ , and both are topologically nontrivial. For a rational b, i.e., for periodic systems, the 2D ancestor Hamiltonians are equivalent, but the implications to the 1D models are more subtle [10] . Nevertheless, no bulk gaps will close when deforming between them.
The physical manifestation of the topological nontriviality of a QC is easily seen in the emergence of boundary states that traverse the energy gaps as a function of the translation parameter k. The Chern number of each gap is equal to the number of boundary states that traverse the gap. The topological equivalence of the aforementioned 1D models implies that the number of traversing boundary states in a given gap is constant when β and λ od /λ d are changed. This should be contrasted to the localization properties of the bulk states, which vary considerably during such a change [8] .
The topological nontriviality of the diagonal and offdiagonal Harper models has been recently demonstrated experimentally via boundary phenomena [10] . It would be intriguing to test this for the Fibonacci QC as well, where we expect gap-traversing boundary modes to appear. Our prediction is supported by the fact that the existence of subgap boundary states in the Fibonacci QC was noticed [30] , measured [31, 32] , and analyzed to be quantitatively similar to those of the Harper model [33] .
To summarize, we developed a 1D model that ranges smoothly from the Harper model to a Fibonacci or Fibonacci-like QC and from diagonal to off-diagonal modulations, as a function of control parameters. Using the fact that dimensional extension of QCs from one to two dimensions reveals their topological character, we extended this model to 2D. We found that in 2D the hopping behavior changes significantly with the control parameters. Nevertheless, the magnetic translation group is unaffected. This implies that the same nontrivial Chern numbers remain for all values of the control parameters. Therefore we conclude that all these 1D models are topologically equivalent and nontrivial. It would be interesting to follow the same process for other QCs, which may exhibit novel types of topological phases. For example, 2D and 3D QCs which are obtained via cut-and-project methods [29, 34] , may have topological characteristics of 4D and 6D systems, respectively.
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SUPPLEMENTARY MATERIAL
In the main text we defined a quasiperiodic modulation, V 
Recall that V S n (k + 3πb; β) = tanh{β[cos(γ n + k) − α]}/ tanh β, where γ n = 2πbn + 3πb and α = cos πb. Shifting the integration variable k → k − γ n and taking into account the 2π periodicity of the integrand, we obtain
Since the integrand is real and symmetric, we know that v
where the integration is performed over the unit circle in the complex plane. For l = 0, there is a pole at z = 0. Below we show that this pole has zero contribution. For any l ≥ 0, the integrand has simple poles when
with w j = (j + 1/2)π/β and j is an integer. Specifically, these poles are
The poles that contribute to the integral are only those that are within the unit circle. Below, we prove that z + j < 1 for j ≤ −1, and that z − j < 1 for j ≥ 0. Therefore, using the fact that z 
We therefore conclude that 
which is equivalent to Eq. (7) in the main text.
Having the exact serial expression for v S l (β), we turn to approximate it in the limits of small and large β, i.e. the Harper and Fibonacci limits, respectively. This way, we obtain simpler expressions, which provide better understanding of the physical effect of β on the 2D ancestor Hamiltonian.
Small β limit (Harper limit)
In the limit of β 1, by definition, w j 1 for every j ≥ 0. Therefore,
and
Plugging this into Eq. (16) Large β limit (Fibonacci limit) In the opposite limit of β 1, the poles w j becomes
